. Introduction Throughout this paper X denotes a real non-singular affine algebraic variety of dimension n. We will give a realization of the characteristic classes (the Stiefel-Whitney classes, the Pontrjagin classes and the Euler classes) of real affine algebraic vector bundles over X by algebraic subvarieties (Theorems 1, 2). For the complex field, Grothendieck [4] showed that the Chern classes of an algebraic vector bundle over a complex non-singular quasi-projective variety are realized by algebraic cycles. Morimoto [6] considered the complex analytic case. We prove Theorems 1, 2 by the method used there. If we work over a real analytic vector bundle, Thorn's transversality theorem shows easily a realization of the characteristic classes by analytic subsets (see Suzuki [10] In Section 4, Theorems 3, 4 will show that the smoothing of algebraic subvarieties of X of codimension 1 for homological equivalence is always possible. The proof uses an idea in [8] .
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By Masahiro SHIOTA* § 1. Introduction Throughout this paper X denotes a real non-singular affine algebraic variety of dimension n. We will give a realization of the characteristic classes (the Stiefel-Whitney classes, the Pontrjagin classes and the Euler classes) of real affine algebraic vector bundles over X by algebraic subvarieties (Theorems 1, 2). For the complex field, Grothendieck [4] showed that the Chern classes of an algebraic vector bundle over a complex non-singular quasi-projective variety are realized by algebraic cycles. Morimoto [6] considered the complex analytic case. We prove Theorems 1, 2 by the method used there. If we work over a real analytic vector bundle, Thorn's transversality theorem shows easily a realization of the characteristic classes by analytic subsets (see Suzuki [10] ).
Theorem 1 was partially proved in [2] , [8] , and two different applications of them were given in [2] , [9] .
In Section 4, Theorems 3, 4 will show that the smoothing of algebraic subvarieties of X of codimension 1 for homological equivalence is always possible. The proof uses an idea in [8] .
Given two cohomology classes of X which are realized by algebraic subvarieties, it seems likely that their cup product is realized by an algebraic subvariety. We prove this under some assumptions, applying Theorems 1, 2 (Theorem 5). We must remark that a realization of the cup product by an analytic subset is always possible according to the transversality theorem.
Section 6 considers an affine algebraic structure of a topological vector bundle over X. If the rank is 1, and if the Stiefel-Whitney class is realized by an algebraic subvariety, then the bundle has an affine algebraic structure. § 2. Preliminaries Let V be an algebraic subvariety of X of dimension k. We 
Then p is obviously smooth rational and £ mj ,, r is an affine algebraic vector bundle. Let (p mtm ' m . E mttn .-+R m+m ' denote the projection onto the second factor. G m-m / has a cellular subdivision by the Schubert varieties (see [15] ). We will be concerned with some of the varieties. Take an affine coordinate system (x !,..., x m+m >) of R m+m \ and denote by R k the linear subspace defined by the equations : 
is nonsingular for each j, that the restriction of ft on Zj is a submersion to Yj for each j, and that the stratification {Y 7 -}_/ satisfies the Whitney condition A. For the proof, see [14] . A C°° function is called regular at a point if one of the first partial derivatives takes a non-zero value at the point. 
Then we have Proofs. The first half of Theorem 4 follows trivially from the latter half of Theorem 3. The latter half of Theorem 4 is an immediate consequence of the first half of Theorem 4 and the fact that any first Z-cohomology class of a compact orientable manifold is realized by a C°° submanifold (see [11] ). Hence we need only to prove Theorem 3.
Let X' be the desingularization of Hironaka of the algebraic closure of X in P n '(R) where XaR 11 ' . Let V be the algebraic closure of F in X'. If we can smooth F', the intersection of the smoothed subvariety and X is non-singular and Z 2 -homologically equivalent to F. Hence, from the beginning we can assume that X is compact. Then the first half of Theorem 3 follows from the latter half and the fact that any first Z 2 -cohomology class of a compact manifold is realized by a C 00 submanifold [11] . Thus it is sufficient to prove the latter half of Theorem 3. Obviously we can assume that M is analytic.
If an irreducible component of Fis of codimension>l, we can remove it, because the removing does not affect the fundamental class of F. Hence we assume that all irreducible components of F are of codimension 1. Moving M if necessary, we can assume also that the germs of M and of F at each point of M U F are not identical. Let F, 0 denote the rings of smooth rational functions, analytic functions on X respectively. Let ac:F, bed? be the ideals of functions vanishing on F, M respectively. Now we will prove in the same way as Lemma 1 in [8] Let p h 7 = 1,..., / be elements of F such that 0^p f -, and p/^1 on A t and ^e outside of St(zS £ ) where & is a small positive number. We choose e so small that for each A t and each ^gtSt^), p_/./}//J is close to the zero function on J £ . Then the sum/ of p$ f , / = !,..., /, generates c,, for all x of X. Hence /is a generator of c, namely, c is a principal ideal.
Let / be a generator of c, and g iy ..., g k be a system of generators of a. Then we have analytic functions cp^..., cp k defined on X such that Let \l/ l9 ...,(l/ k be approximations of (p l9 ...,<p k by smooth rational functions. Put
Then M' is a non-singular algebraic subvariety and can be translated to M by a C°° diffeomorphism of X close to the identity. The reason is the following.
Since a x is a principal ideal for each xeX, there exists a closed neighborhood 17 of x where one of g l9 ... 9 g k9 say g l9 is a generator. Hence we have rational functions fc 2 ,... 5 to k on X smooth on U such that g~h t g l9 i = 2 9 ...,k. Put
It follows that/=(P [;^1 on U. By (*), 3^ is a generator of b x -for any x' 6 U. This means that the set of zero points of $ v is U n M and that ^ is regular at 17 n M. Clearly
is an approximation of ^ by a smooth rational function, and we have
Choose a close approximation, and cover X by such t/'s. Then we can assume that it is possible to extend n \ M , onto X. It is easy to see that the closer the approximation of q> l9 . . ., <p k is, the more the extension of n \ M . is chosen close to the identity. The argument above shows also that M' is a non-singular algebraic subvariety; hence the theorem is proved.
Let V 9 V be non-singular algebraic subvarieties of X, and a, a' denote the cohomology classes realized by V 9 V. If V and V intersect transversally, the cup product of a and a' is realized by Ffl V. Hence we can generalize Theorems 3, 4 as follows. Example. From Theorems I and 3', it follows that if X is homeomorphic to P"(R), n even, any Z 2 -cohomology class of X is realized by a non-singular algebraic subvariety. § 5, Cup Product of Realizable Cohomology Classes Let V, V be algebraic subvarieties of X of codimension k, k'. Let a, a' be the cohomology classes realized by V, V respectively, and {Y { }, {Y'j} be respective stratifications of V, V. If each Y t and each Y'j intersect transversally, then the cup product a U a' is realized by the intersection VftV. In this section we will weaken these conditions. The coefficient ring may be Z 2 or Z. For Z, we must remember the arrangement at the beginning of Section 2.
Put V"=Vr\V. Let V s , V' s and V" s denote the respective sets of singular points of V, V and V". Let T-denote the tangent vector space. Proof. At first we suppose S = 0. Then any point of V" is a non-singular point of V and V. Since V" is non-singular, any irreducible component is a union of connected components. Hence, by the argument below we can assume that V" is a manifold of dimension n'. Put m = n + ri -k -k'. Let £: Y-^-> V" be the subbundle of TX\ R of vectors orthogonal to TV\ V ,,@TV'\ V ». We saw in Section 2 that the normal bundle of X is an affine algebraic bundle. By the same method it follows that c is an affine algebraic bundle. Let /be a C°° cross-section of £ such that f(V") and V" intersect transversally. Here we identify V" with its image under the zero cross-section of £. We write the intersection as Z.
Using /, we can construct a C™ diffeomorphism 6 of X arbitrarily close to the identity in the C x Whitney topology such that 9(x) = x for any singular point x of Fand V, that V and 9(V f ) intersect transversally and that Vn6(V') = Z.
Hence the C°° manifold Z realizes a U a'. On the other hand, by Lemma 3 below, Z realizes the m-th Stiefel-Whitney class of £. Apply Theorem 1 to £. Then it follows that a U a' is realized by a non-singular algebraic subvariety. If the coefficient ring is Z, it is sufficient to treat the Euler class of £ instead of the Stiefel-Whitney class. The case S^0. Apply the result above to X-S, V-S and V'-S. We remark that the algebraic varieties are affine. Let ZciX-S be an algebraic subvariety of realization of (a U a')lx-s 5 Z' be the algebraic closure of Z in X. Then Z' is an algebraic subvariety of realization of a U a' because of dim (Z' n S) <dim Z'. Hence we proved the theorem.
Example. Assume that F, V are non-singular. If FID F', the conditions in Theorem 5 are satisfied.
Let r\\ E-Z-+M be a C°° vector bundle of rank m over a C°° manifold M. Let/be a C°° cross-section of 77. Then we have ;: E-^-*X be a topological vector bundle of rank m. We say that Y\ has an affine algebraic structure if // is equivalent to an affine algebraic vector bundle. It is proved in [1] that if X&S", rj has an affine algebraic structure.
Conjectureo Assume that all Stiefel-Whitney classes of r\ are realized by algebraic subvarieties. Then Y\ has an affine algebraic structure.
Theorem ?" // in = 1, Conjecture is correct.
Proof. Let VcX be an algebraic subvariety which realizes the StiefelWhitney class of rj. By Theorem 3, we can assume the smoothness of F. Let X' be the desingularization of Hironaka of the algebraic closure of X in P tt '(R) where XaR n ' 9 and V be the algebraic closure of V in X f . Then there exists a line bundle Y\' over X' whose Stiefel-Whitney class is realized by F'. Since line bundles over X are determined by their Stiefel-Whitney classes, we can regard r\ as the restriction of r\' on X. Hence it is sufficient to find an affine algebraic structure of rj. Therefore, from the beginning we assume that X is compact. Let F 0 = F, F l5 ..., V n be distinct C°° submanifolds of X such that each V t is the image of F under a C°° diffeomorphism close to the identity. Using the transversality theorem, we reduct V h i = l,...,n to satisfy n V { = (/). Apply then there exists an algebraic line bundle over X which is equivalent to Y\. Moreover, if the bundle has a complexification, it is affine (see, e.g., [13] ).
For each i = l,..., n, we can construct a smooth rational function f t on X in the same way as in Proofs of Theorems 3, 4 such that (i) / r i(0) = F 0 UF;, (ii) /,<0in Fo f , (iii) & is regular at (F 0 -V t ) U (7, -F 0 ), and (iv) for any x e F 0 n F f , the germ of f t at x is the product of two regular function germs. Put i^ij=filfj-Then \l/ t j satisfy the conditions above and have complexifications. Hence Theorem is proved.
